In this letter we present a decomposition for control systems whose drift vector eld is the geodesic spray associated with an a ne connection. With the geometric insight gained with this decomposition, we are able to easily prove some special results for this class of control systems. Examples illustrate the theory.
Introduction
In a recent paper, Lewis and Murray 1996] introduce the notion of \con guration controllability" for a class of mechanical control systems and present some results for this notion of controllability. In the statement of their results, the so-called symmetric product provides a valuable shorthand. For Levi-Civita connections, the symmetric product was originally seen in the work of Crouch 1981] on gradient control systems. The geometric meaning of the symmetric product on manifolds with a general a ne connection is given by Lewis 1996b] . In this letter we combine the results of Lewis and Murray 1996] with the interpretation of the symmetric product by Lewis 1996b ] to obtain a decomposition of control systems whose drift vector eld is the geodesic spray associated with a general a ne connection. Examples of such control systems include Lagrangian mechanical systems whose Lagrangian is the kinetic energy with respect to a Riemannian metric. However, the use of general a ne connections is more than simply an easily performed abstraction. Synge 1928] gives a formulation of the constrained equations of motion for a mechanical system in terms of an a ne connection which is in general not a Levi-Civita connection. Other authors have done similar work along these lines since the work of Synge. In the control context, we mention a recent paper of Bloch and Crouch 1995] . This puts the associated constrained control systems in the framework of the present paper and so provides impetus to study control systems associated with general a ne connections. The decompositions we obtain are entirely analogous to the decompositions one obtains for nonlinear control systems which reduce to the Kalman controllability decomposition for linear systems.
In Section 2 we present a review of the necessary concepts from a ne connections and also review the results of Lewis 1996b] . In Section 3 we present the control systems we will consider. These systems have a phase space which is the tangent bundle of a manifold. It is common to be interested in only the control of the points on the manifold and not be concerned with their velocities. Apropos to this, we review the controllability de nitions of Lewis and Murray 1996] . With the results on the symmetric product presented in Section 2, we are able to concisely restate the main controllability results of Lewis and Murray 1996] . When the system is not controllable (by our de nition), we are able to succinctly describe the reachable sets in terms of geometry of the a ne connection. In Section 4 we use our main results of Section 3 to arrive at some natural corollaries. Thus the contribution of the paper is threefold. First, we make clear the geometry of the results of Lewis and Murray 1996] ; second, we describe a natural decomposition of the systems we are considering in cases when they are not controllable; third, we present some new results which are easily derived from the general theory. Examples which illustrate our results are given in Section 5.
A ne Connections
We refer the reader to Kobayashi and Nomizu 1963] for a discussion of a ne connections. Let M be an n-dimensional manifold. We denote by C 1 (M) the set of C 1 functions on M and by T (M) the set of C 1 vector elds on M. An a ne connection on M assigns to every pair of vector elds X and Y on M a vector eld r X Y with the assignment satisfying AC1. the map (X; Y ) 7 ! r X Y is R-bilinear, AC2. r fX Y = fr X Y for f 2 C 1 (M) and X; Y 2 T (M), and AC3. r X (fY ) = fr X Y + (L X f)Y for f 2 C 1 (M) and X; Y 2 T (M). If we de ne r X f = L X f for f 2 C 1 (M) and X 2 T (M), then we may extend r X to a derivation of the tensor algebra of M in a unique manner. We make a few remarks which will be useful in our discussion of control theory in Section 3. 
Control Systems on Manifolds with an A ne Connection
In this section we introduce the class of control systems we will study, we present controllability de nitions, and we present decompositions for these systems. Our motivation for studying systems whose drift vector eld is the geodesic spray of a general a ne connection comes in part from Remark 2.1. We also remind the reader of the work of Synge 1928] mentioned in the introduction which enables one to cast mechanical systems with constraints in the general formulation we consider.
Let r be an a ne connection on a manifold M and let Y 1 ; : : :; Y m be linearly independent vector elds on M. We shall consider control systems of the form r _ c(t) _ c(t) = u a (t)Y a (c(t)):
Here a is summed over 1; : : :; m. This equation is readily seen to be equivalent to the rst order system 
In this way we obtain a rst-order nonlinear control system on TM whose drift vector eld is the geodesic spray Z g .
We consider controls from the sets U T = fu: 0; T] ! R m j u is piecewise constantg:
A solution of (3.1) is a pair (c; u) where c: 0; T] ! M is a curve on M and u 2 U T . We de ne the reachable sets as follows. Let x 0 2 M and let U be a neighborhood of x 0 in M. Here 0 x 2 T x M denotes the zero vector in the tangent space. The essential feature of these de nitions is that we restrict ourselves to studying the points in M (not TM) which can be reached from a state whose initial velocity is zero. The velocity of the nal state is unspeci ed. We may now state our versions of controllability. It is possible to make stronger controllability de nitions for these systems and we refer the reader to Lewis and Murray 1996] for some de nitions and results.
To state the controllability results, we need some notation. Let V be a family of vector elds on M. The smallest subset of T (M) which contains V and which is closed under Lie bracket we denote by Lie(V ). This is known as the involutive closure of V . The smallest subset of T (M) containing V and which is closed under symmetric product we denote by Sym(V ) and call the symmetric closure of V . Although the work in Lewis and Murray 1996] is presented in the context of Levi-Civita connections, the results are equally valid for general a ne connections. The veri cation of this is simply a check of the relevant Lie bracket formulas for the control system on TM. These Observe that if _ y (0) = 0 then _ y (t) = 0 for all = 1; : : :; n ?k and t > 0. Therefore, if we start with zero initial velocities as our controllability de nitions suggest, in local coordinates our system is simply governed by the equations x + ? _ x _ x = u a Y a ; = 1; : : :; k which comprise a locally con guration accessible control system of the form (3.1) on the maximal integral manifolds of C hor . This is consistent with our Remark 2.2.3.
It is worth pointing out that the decomposition (3.2) provides for us the same information as the Kalman controllability decomposition provides for linear systems. In the linear case, one may simplify the system to the form 
Applications of the Main Results
Now we look at a few applications of Theorem 3.3. The rst situation we look at is merely academic since the author knows of no interesting examples of this type occurring in practice. Nevertheless, it is an interesting consequence of our general results. Recall that a Riemannian manifold is said to be irreducible if the representation of the holonomy group in T x M is irreducible (see Kobayashi and Nomizu 1963] We refer the reader to Marsden and Ratiu 1994] for a discussion of the above concepts.
There the reader will also nd a proof of the fact that for 2 h , J ?1 ( ) is invariant under the geodesic ow on TM. This is in particular true for = 0. Furthermore, we note that since J is linear in the bre variables on TM, J ?1 (0) is a distribution on M (assuming that 0 is a regular value of J). Therefore D , J ?1 (0) is a geodesically invariant distribution. There are many examples where D is not integrable and hence not totally geodesic. One may readily verify that X 2 T (M) is such that X lift is tangent to D TM if and only if X 2 D, the set of sections of D. Therefore, any actuation of the system by control vector elds in D will maintain the conservation law J = 0. Note that this implies that, with this type of actuation, the system cannot be locally accessible in the phase space TM from points on J ?1 (0). Nevertheless, it is possible that the system be locally con guration accessible. This is illustrated by the robotic leg example in Section 5.
Let us expand on this a bit further. If we use inputs which span D, or equivalently, use a maximal set of inputs which maintain the conservation law, then R U M (x; T) will be an open subset of a maximal integral manifold of the involutive closure of D. In particular, if D is maximally involutive (i.e., Lie(D) = T (M)), then the control system will be locally con guration accessible.
We summarise the above discussion with the following result. 
Examples
In this section we present decompositions for a few examples. Some of these examples are presented by Lewis and Murray 1996] . However, in that work the emphasis was on deciding whether the systems were locally con guration accessible. Here we are interested in the case when the systems are not locally con guration accessible and in studying the associated decompositions. In the robotic leg example, we also make connections with Proposition 4.2.
5.1. The Robotic Leg. We consider a system which consists of a rigid body pinned at its centre of mass and attached is an extendible massless leg with a point mass on its tip. One may readily verify that Y 1 and Y 2 are sections of D , J ?1 (0). Thus, by Proposition 4.2(ii), trajectories of the control system whose initial conditions lie on D will remain on D. In particular, those trajectories of the control system whose initial velocities are zero will evolve on D. Therefore, the system cannot be locally accessible (in TM). Nevertheless, in Lewis and Murray 1996] it is shown that the system is locally con guration accessible with both inputs. (In fact, the system is locally con guration controllable with both inputs.) This turns out to be a situation where Proposition 4.2(iii) applies. Now we consider the case where we just use the input Y 2 . In this case the system is not locally con guration accessible. One may check that C hor is generated by the vector eld Y 2 itself. The decomposition given by This is clearly a locally con guration accessible system on each maximal integral manifold of C hor . Physically, this motion is simply one of extending and retracting the mass on the end of the leg while the body itself remains stationary.
5.2. The Planar Rigid Body. In this section we study the planar rigid body. The con guration space for the system is the Lie group SE(2). To establish the correspondence between the con guration of the body and SE(2), x a point O 2 R 2 and let fe 1 = @ @x ; e 2 = @ @y g be the standard orthonormal frame at that point. Let ff 1 ; f 2 g be an orthonormal frame attached to the body at its centre of mass. The con guration of the body is determined by the element g 2 SE(2) which maps the point O with its frame fe 1 ; e 2 g to the position, P, of the centre of mass of the body with its frame ff 1 ; f 2 g. See Figure 2 . The inputs for this problem consist of a force applied at an arbitrary point and pointing to the centre of mass, and a torque about the centre of mass. Without loss of generality (by rede ning our body reference frame ff 1 ; f 2 g) we may suppose that the point of application of the force is a distance h along the f 1 body-axis from the centre of mass. The situation is illustrated in Figure 3 .
With this convention xed, we shall use coordinates (x; y; ) for the planar rigid body where (x; y) describe the position of the center of mass and describes the orientation of the When both of these inputs are applied, the system may be shown to be locally con guration accessible (in fact, controllable). With each of these inputs alone, the system is not locally con guration accessible.
To describe the decomposition (3.2) when we apply the input Y 1 , we need to make a change of coordinates. To this end we use coordinates ( ; ; ) = (x cos + y sin ; ?x sin + y cos ; ):
In these coordinates the non-zero Christo el symbols are ? = ? = ?1; ? = ? ; ? = ? = 1; ? = ? :
The distribution C hor is generated by @ @ in these coordinates. We may now write the system equations as Observe that when the initial velocities are zero, the values of and do not change. Thus we essentially have the motion described by the system = 1 m u which is a locally con guration accessible control system on each maximal integral manifold of C hor . Physically, the motions of this control system are motions of the rigid body along the direction which corresponds to the xed value of . Since the input Y 1 acts through the centre of mass, the rotational component of the motion is una ected.
When the system has the input Y 2 then we may use the coordinates (x; y; ) to describe the decomposition (3.2). All Christo el symbols are zero so the equations for the system are = 1 J u x = 0 y = 0:
Again we see that the top equation decouples from the last two when the initial velocities are zero. And, as the theory predicts, the top system is locally con guration accessible. The corresponding motion of the system is a rotation about the centre of mass of the body.
5.3. A Constrained Particle in R 3 . The example we consider in this section is a mechanical system with constraints. The system has a con guration space of M = R 3 and we consider the Riemannian metric g = m (dx dx + dy dy + dz dz) :
The system is subject to the velocity constraint _ z = y _ x:
(5.1)
In Lewis 1996a] it is shown that the equations for the constrained motion of this system are equivalent to those geodesics of a certain (non-Levi-Civita) a ne connection whose initial velocities satisfy the constraint (5.1). The non-zero Christo el symbols of this a ne connection in the coordinates (x; y; z) are ? x xy = 2y 1 + y 2 ; ? x zy = ? 1 1 + y 2 ; ? z xy = ? 1 1 + y 2 :
As inputs for this system we consider the single vector eld Y = 1 m @ @x + y @ @z : Note that Y 2 D and so this input will not cause the system to violate the constraints.
One may verify that the corresponding control system of the form (3.1) is not locally con guration accessible. In fact, the distribution C hor is generated by the vector eld Y . This is readily veri ed by computing hY : Y i = 0. To render the system in the form (3.2) we must choose coordinates adapted to the foliation associated with C hor . If we choose ( ; ; ) = (x; y; z ? xy) then one may verify that C hor is generated by 
Discussion
In this letter we have presented a decomposition of control systems whose drift vector eld is the geodesic spray of a given a ne connection. Our results illuminate how the geometry of the a ne connection interacts with the inputs to specify the reachable sets (Theorem 3.3). It is our belief that this enhanced geometric insight will lead to a better understanding of how one might perform control design for these systems. Furthermore, the possibility of writing the equations of motion for constrained systems in terms of a ne connections opens up new possibilities for applying the theory of this paper, and indeed motivates our presentation in terms of general a ne connections rather than just LeviCivita connections. We have presented a simple example with constraints to verify that their presence does not a ect our conclusions.
